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In [2], [3] K. Nomizu has proved, that if M n is a Kaehler submanifold of P m (C), 
such that each geodesic of M n lies in a complex projective line P l (C) of P m (C), 
then M n is totally geodesic. In this note we generalize this result to an arbitrary 
submanifold of a complex space form. Namely we prove: 

Theorem 1. Let M (dim^M > 2) be a connected, complete submanifold of a 
complex space form M m (/i), ^ 0. If each geodesic in M lies in an 1-dimensional 
totally geodesic complex submanifold of M m (/j,), then M is a real or a complex space 
form and M is totally geodesic in M m (/j,). 



1 Preliminaries. 

Let M m be a Kaehler manifold of complex dimension m. Denote by g its metric 
tensor, by J its complex structure and by V the covariant differentiation with respect 
to the Riemannian connection. Then Vg = and VJ = 0. Let R be the curvature 
tensor of M m . Then M m is said to be of constant holomorphic sectional curvature, if 
there exists a constant such that R(x, Jx, Jx, x) = fi for any unit vector x on M. 
A connected, simply connected, complete Kaehler manifold of constant holomorphic 
sectional curvature is said to be a complex space form. 
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Now let M be a submanifold of M m and denote by V the covariant differentiation 
of M with respect to the induced Riemannian connection. Then we write the Gauss 
formula 

V X Y = V x Y + <j(X,Y) , 

where a is a normal-bundle-valued symmetric tensor field on M, called the second 
fundamental form of M in M m . We recall that M is called a totally geodesic 
submanifold of M m , if a — 0. Let £ be a normal vector field. Then the Weingarten 
formula is given by 

V x £ = -A^X + D x i , 
where — A^X (resp. Dx£) denotes the tangential (resp. the normal) component 
of Vx£- It is well known that g(a(X,Y),£) = g(A^X, Y) and D is the covariant 
differentiation in the normal bundle. 

The submanifold M is said to be a complex (resp. a totally real) submanifold of 
M m if JT P M = T P M (resp. JT P M = {T P M) L ) for each point pe M, where T P M 
is the tangent space of M at p. 

Denote by R the curvature tensor of the Riemannian manifold M. Then M is 
said to be of constant sectional curvature, if there exists a constant fi, such that 
R(x, y, y,x) — fx for any pair {x, y} of orthonormal vectors on M. A connected, 
simply connected, complete Riemannian manifold of constant sectional curvature is 
called a real space form. 



2 Proof of the Theorem. 

Let c = c(t) be a geodesic in M, parameterized by arc lenght and denote d by T. 
Then 

(1) V T T = a(T,T). 

By assumption c lies in a 1-dimensional complex totally geodesic submanifold N 1 ^) 
of M m (fi). Denote V the covariant differentiation of N\u). Then V T T = V T T = 
aT + bJT, where a = a(t), b = b(t). Since c is a geodesic in M a(T,T) = aT + bJT 
holds good. This implies ag(T, T) = g(a(T, T), T) = 0, so a = and 

(2) a(T, T) = bJT . 
Using (1), (2) and V J = we obtain 

(3) V T a(T, T) = T(b)JT - b 2 T . 



On the other hand, according to the Weingarten formula we can write 



V T <x(T, T) = —A a ( T ,T)T + D T a(T, T) . 

Hence, using (2) and (3) we find easily A a ( TjT )T = b 2 T and consequently 
g(o~(x, x), a(x, y)) = for any orthogonal vectors x, y G T p M and any point p of M, 

so M is an isotropic submanifold of M m (/x), see [I]. Then there exists a function 
X(p) on M, such that X(p) > and 

(4) g(cr(x,x),a(x,x)) = X 2 (p) 

for any unit vector x G T P M and hence it follows by a standard way 

(5) g(v(x, x),a(x, x)) + 2^(o-(x, y), a(x, y)) = X 2 (p) 

for any orthogonal unit vectors x, y G T p M, p G M. According to (2), (5) implies 

(6) g(a(x,y),a(x,y)) = X 2 (p) 

for any orthonormal vectors x, y G T p M, p G M. 
From (2) and (4) it follows 

(7) a(x,x) = ±X(p)Jx 

for any unit vector x G T p M. Let x, y be orthonormal vectors in T p M, such that 
afx, x) = X(p)Jx, <j(y,y) = X{p)Jy. Then 

2a(x, y) = a(x + y, x + y) - a(x, x) - a(y, y) 

and hence, using (7) we obtain 

°( x ,y) = ^ 2 - X(p)(Jx + Jy) , 



where e = ±1, and consequently 

(8) #00, y), (t(x, y)) = - — ^^A 2 0) • 



3 - 2eV2 , 2 



From (6), )7), (8) we conclude that A = 0, so M is totally geodesic. Then, according 
to Theorem 1 in [TJ M is a totally real or a complex submanifold of M m (/i), which 
proves our Theorem. 
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